Abstract. In this article, notations are included in Section 1. In Section 2, we define the grand Wiener amalgam space by using the classical Wiener amalgam space [9, 15, 16, 17] and the generalized grand Lebesgue space [18, 13] . Section 3, concerns the inclusions between these spaces and some applications. In last section Section 4, we prove the Hölder's inequality for grand Wiener amalgam space. We also find the associate space and dual of this space, and we prove that the grand Wiener amalgam space is not reflexive.
Notations
Let Ω be locally compact hausdorff space and let (Ω, B, µ) be finite Borel measure space. The grand Lebesgue space L p) (µ) was introduced in [18] by the norm f p) = sup 
For some properties and applications of L p) (µ) spaces we refer to papers [1] , [4] , [6] , [7] , [12] and [13] . A generalization of the grand Lebesgue spaces are the spaces L p),θ (µ) , θ ≥ 0, defined by the norm (see [1] , [13] ) f p),θ,µ = f p),θ = sup when θ = 0 the space L p),0 (µ) reduces to Lebesgue space L p (µ) and when θ = 1 the space L p),1 (µ) reduces to grand Lebesgue space L p) (µ) . We have for all 1 < p < ∞ and ε > 0
Different properties and applications of these spaces were discussed in [1] , [13] and [4] .
Let 1 ≤ p < ∞, θ ≥ 0, and J be the one of the set of N, Z or Z n . We define the grand Lebesgue sequence space ℓ p),θ = ℓ p),θ (J) by the norm where the functions g k , k ∈ N, being in M 0 , the set of all real valued measurable functions, finite a.e. in Ω. After this definition the generalized small Lebesgue spaces have been defined by
consists of (classes of) measurable functions f : Ω → C such that f χ K ∈ L p) , for any compact subset K ⊂ Ω,where χ K is the characteristic function of f. It is a topological vector space with the family of
The Grand Wiener Amalgam Space
Definition 1. Let Ω be locally compact hausdorff space and let (Ω, B, µ) be finite Borel measure space. Also assume that 1 < p, q < ∞ and Q ⊂ Ω is a fix compact subset with nonemty interior. The grand Wiener amalgam space
such that the control function
= f.χ Q+x p),θ1 q),θ2 .
Since generalized grand Lebesgue spaces are not translation invariant, this result reflects to the grand Wiener amalgam spaces. Then the definition of
is depend of the choice of Q. We give the following theorem for the independedness.
is independent of the choice of Q, i.e., different choices of Q define the same space with equivalent norms.
Proof. We know that when θ 2 = 0, the generalized grand Lebesgue space reduces to lebesgue space
is solid and strongly translation invariant, by using the proof technic in Proposition 11.3.2 (b) in [15] or Theorem 2 in [9] , the proof is completed.
,θ is a Banach function space (shortly BF-space), namely its norm satisfies the following properties, where f, g and f n are in W L p),θ , L q),θ , λ ≥ 0 and E is a measurable subset of Ω :
Proof. The first three properties follow from the definition of the norm .
by proposition 2.1, in [1] . One more applaying this proposition we have
Proof of property 7. Since ε θ p−ε is increasing in [0, p − 1] , and µ (Ω) is finite, then
= sup
Proof of property 8. Fix 0 < ε ≤ p − 1. By the Hölder's inequality for Wiener's amalgam space we have
where [15] , and [9] ).
Inclusions and consequences
Proposition 1. Let 1 < p, q < ∞ . Then for an arbitrary ε and η, 0
Proof. By the definition of generalized grand Lebesgue space we have
Then by (2) and (3)
Hence by (3) and (4) ,
In the other hand it is easy to show that
,θ , and
and we have
f ∈ L q1),θ . Since 1 < q 2 ≤ q 1 < ∞,by Theorem 3 in [14] , there exists C > 0 such that
By using the Proposition 2 and proposition 3, we easily prove the following corollary. (7) and (8) 
Proof. According to the definition of the supremum, for an arbitrary η > 0, there exists 0
sup
Then we have
and so
Thus from (10) and (11) we have
If η → 0, the right side of (11) 
,θ ) and we have
for some constant C 2 > 0. Combining (12) and (13) , we obtain
Hölder's inequality, Duality and reflexivity in grand Wiener amalgam spaces
It is known by Theorem 2, that .
, then f g is integrable and
is a Banach function space by Theorem 2, the proof is completed by Theorem 2.4., in [3] .
where C ∞ 0 is the space of infinitely differentiable complex valued functions with compact support.
Proof. First we will show that (15) 
Thus for given η > 0, there exists n 0 ∈ N such that
Since ε
and f n0 χ Q+x ∈ L p , by the Hölder's inequality
Thus from (17) ,
as ε → 0. Hence there exists ε 0 such that when ε < ε 0 ,
Then by (16) and (18) ,
when ε < ε 0 . This completes the proof.
Proposition 7. If q ≤ p, and θ ≥ 1, then the set
Proof. It is enough to give the proof for the special case Ω = (0, 1) . Let f (t) = t 1 p , for p > 1. We showed in Proposition 2, that t
In the other hand since
. This ends the proof. Definition 3. Let (X, . X ) be a Banach function space and let f ∈ X be any arbitrary function. We say that f has absolutely continuous norm in X if lim n→∞ f χ En X = 0 for every sequence {E n } n∈N satisfying E n → φ.We will denote the subspace of the functions in X with absolutely continuous norm by X a . If X = X a , then X it self is said to have absolute continuous norm.
We need the following known two theorems to find the dual of the grand Wiener amalgam spaces.. 
and the norms g W L p) Combining (21) and (22) we obtain
From this inequality we have
This implies
If one uses the same technic in ( [13] , Theorem 11.7.1 (c)) , obtains
Thus we have
